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Significance

The quantitative ability of a kinetic-theory-based, two-fluid model is demonstrated in a clustering (unstable) gas-solid
system via highly resolved simulations. Unlike previous works, this assessment is validated against ideal computational
fluid dynamics-discrete element method data to minimize sources of discrepancy. Overall, good agreement in mean-slip
velocities is observed with relative errors less than 20% over a mean solids concentration range of 0.02–0.25. Local
concentration gradient distributions are also studied, showing a distinct shift toward higher gradients at higher mean
solids concentrations which is proposed as the bottleneck in obtaining grid-independence rather than the cluster length
scale. VC 2015 American Institute of Chemical Engineers AIChE J, 62: 11–17, 2016
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Introduction

U
nderstanding and accurately predicting the dynamic

behavior of gas-solid flows are important for the

chemical and energy process industries, among others,

that utilize bubbling and circulating fluidized beds (BFBs/

CFBs). Unfortunately, the two-phase behavior in such devices

is incredibly complex. One of the most challenging aspects of

accurately modeling gas-fluidized particulates is the clustering

instability, which is a persistent, transient, inhomogeneous

spatial distribution of solids concentration, as exemplified in

Figure 1. Such heterogeneous structures have a large impact

on mass, momentum, and energy transport, thus playing an

important role in the design and scale up of industrial devices.
For several decades, since the pioneering work of Tsuo

and Gidaspow,2 it has been known that continuum two-fluid

models (TFM) are able to qualitatively capture such dynamic

inhomogeneities. Figure 1 demonstrates such qualitative

agreement comparing a snapshot from a discrete-particle sim-

ulation in which particle dynamics are solved explicitly (on

the left, results of Radl and Sundaresan1), with a similar snap-

shot from a continuum simulation in which particle dynamics

are modeled (on the right, current results). However, to accu-

rately simulate such complex dynamics, numerical grids capa-

ble of resolving all relevant scales are required, as shown by

Agrawal et al.3 In dilute clustered flows, grids as small as 10

particle diameters are required for numerical accuracy. The

scale-resolution requirement is even more demanding in dense

regions, such as in a bubbling bed, where grid sizes approach-

ing the particle diameter become necessary.4 With typical par-

ticle sizes on the order of 1025 to 1023 m and typical system

sizes on the 1021 to 101 m, it is easy to see that full-scale reso-

lution of industrial and even pilot-scale devices is impractical,

particularly in three-dimensions (3-D).
Due to this impractical computational overhead, strategies

to model, rather than directly simulate, the small-scale cluster-

ing dynamics remains an active area of research. Several

methods have been explored such as the Energy Minimization

Multiscale method,5–7 structure-dependent drag laws,8–11 and

the filtered TFM approach.12–15 Filtered TFMs do not directly

resolve all length scales of the particle clusters so that coarse

grids can be utilized, but additional closure modeling is

required to account the effects of clustering at scales smaller

than the filter. Filtered models rely on fully resolved simula-

tions to constitute subgrid closures, most of which utilize

TFMs derived from kinetic theory (KT). However, as pointed

out by Zhou et al.,11 the ability of fine-grid continuum simula-

tions to accurately reproduce dynamic clustering behavior

without introducing a modified drag correlation remains an

open question. This concern was also recognized by Igci
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et al.12 Nevertheless, most subsequent efforts have focused on
verifying that fine-grid simulations are accurately reproduced
by filtered models on coarse grids16–18 and validating the
coarse-grid filtered model,19–22 rather than validating the
underlying KT-based TFM itself, which has several inherent
assumptions and approximations of its own.

Although quantifying the accuracy of KT-based TFMs to
predict clustered gas-solid flows has received limited attention,
several previous contributions have been made. Wang23 used
fine-grid simulation to capture clustering in a small region of an
experimental CFB riser and compared the root mean square
(RMS) fluctuation in concentration as a function of averaged
concentration. He was able to show good quantitative agree-
ment with the measured data by comparing least-squares best-
fit curves of the RMS. Benyahia24 simulated a larger (10-m tall)
CFB and compared the vertical void fraction profile to one
deduced from pressure profile measurements. Cloete et al.25

presented a similar analysis to Benyahia24 that included chemi-
cal reactions and also compared radial solids concentration and
velocity profiles. However, Cloete et al.25 recognized that com-
plete grid-independence was probably not achieved.

Despite these prior quantitative assessments of clustering
predictions using highly resolved TFMs, several aspects of the
comparisons hamper a straightforward interpretation of the
results. First, all three studies highlighted above23–25 involved
a dimensional mismatch in which two-dimensional (2-D) sim-
ulations were compared with 3-D data. It has become increas-
ingly clear that significant quantitative differences exist

between 2-D and 3-D simulations.22,26 Second, all of the quan-
titative assessments referenced above have been validated
with experimental data. While the ultimate goal is to use such
modeling tools for the design and scale up of real-world
devices, experimental data is often not a “clean” test of KT-
based TFMs, as noted by Wang et al.4 Real particles are nei-
ther perfectly spherical nor monodisperse, which is assumed
in the KT derivation. Additionally, other physically relevant
phenomena that are neglected in the KT-based TFM (e.g., gas-
phase turbulence, humidity, van der Waals forces, electro-
statics, etc.) are often present in existing experimental data
and can only be effectively eliminated with carefully con-
trolled experiments (see, for example, LaMarche et al., sub-
mitted). To overcome such challenges, “ideal” numerical data
provided by discrete-particle simulations is a logical first step
in the TFM validation process. For example, CFD-DEM,
which utilizes computational fluid dynamics (CFD) to resolve
the fluid phase and discrete element method (DEM) to track
individual particles, is an attractive option for generating
numerical data and was used by Wang et al.4 validating a KT-
based TFM for the “inverse” instability, that is, bubbles in
dense bed. CFD-DEM does not resolve all scales of the fluid
flow like direct numerical simulation (DNS)-DEM, but this
allows the same drag law to be applied to both CFD-DEM and
TFM, further isolating the validation of the continuum clo-
sures – solids pressure, solids viscosity, and so forth – for use
in clustering systems. Other pseudodiscrete-particle methods,
such as multiphase particle-in-cell (MP-PIC), do not present
such ideal validation data as MP-PIC also relies on (empirical)
continuum closures.27,28

In this work, the recent high-resolution CFD-DEM simula-
tions by Radl and Sundaresan1 of an unbounded, 3-D fluidiza-
tion (or sedimentation) system are used as ideal data to
validate clustering predictions of a KT-based TFM29 solved
on a fine numerical grid. The global Favre-averaged, mean-
slip velocity is used as the test variable. Overall, the compari-
sons are quite good, providing evidence that fine-grid contin-
uum simulations accurately capture dynamic clustering
behavior using a traditional (locally homogeneous) drag law.
In addition to the fine-grid simulations, systematic grid coars-
ening was also used to study the convergence behavior in an
effort to resolve some apparent confusion of resolution
requirements that appears in the literature.25,30,31 Similar to
previous studies, we find that solution independence is a func-
tion of mean solids concentration. However, it is proposed that
the concentration gradient at the cluster interface is responsi-
ble for controlling the convergence behavior, rather than oft-
cited cluster length scale (see, for example3,32–34).

Two-Fluid Model Description

The continuum model used in the following analysis is the
recently developed KT-based TFM of Garz�o, Tenneti, Subra-
maniam, and Hrenya29 (GTSH). The GTSH theory decom-
poses the effects of the interstitial fluid into three
contributions: mean drag, which is associated with the mean
particle velocity; thermal drag, which corresponds to the fluc-
tuating (peculiar) particle velocity; and the neighbor effect, a
stochastic source of fluctuating particle velocity due to the
fluctuations of nearby particles transmitted through the inter-
stitial fluid. Unlike previous KT-based TFMs, GTSH

Figure 1. Comparison of instantaneous clustering dynamics
between CFD-DEM (left) and a KT-based TFM
(right) in the xy-plane at a mean solids concentra-
tion of h/i50:25.

CFD-DEM data provided by Stefan Radl, for more

details on CFD-DEM methodology, see Radl and Sundar-

esan.1 [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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incorporates all three components into the starting Enskog
kinetic equation, which is then used to rigorously derive the
continuum model. As part of the derivation, several standard
simplifying assumptions were used. A few of particular interest
here are: (1) the particles are smooth, frictionless, and monodis-
perse spheres; (2) particle collisions are instantaneous, binary
and characterized by a constant coefficient of restitution; and
(3) the Knudsen numbers of the continuum variables are small,
(i.e., the theory is of Navier–Stokes-order).

For the sake of brevity, the GTSH model is not repeated
here and the interested reader is referred to the original publi-
cation29 for complete details. However, a few deviations from
the published theory have been used which should be men-
tioned. While the original GTSH publication did not specify a
particular drag law, the model of Beetstra et al.35 was used
here for consistency with the CFD-DEM simulations. The
thermal drag and neighbor effect models of Koch and San-
gani36 are used throughout the entire concentration range,
rather than a step change to the analytical models of Koch37 at
/ 5 0.1. Additionally, the first-order thermal-Reynolds num-
ber correction of Wylie et al.38 is included in the thermal drag
model. Finally, the radial distribution function of Carnahan
and Starling39 was replaced with that of Ma and Ahmadi,40

which better approximates the random-close packed limit.
The open-source CFD code MFiX (https://mfix.netl.doe.

gov/) is used for numerical solution of the governing equa-
tions. Developed at the National Energy Technology Labora-
tory, MFiX uses a finite volume discretization on a staggered
grid. Time advancement is a variable time-step, semi-implicit
method based on the SIMPLE family of algorithms. The
Superbee flux-limiter is used for all variable extrapolation. In
a comprehensive assessment of more than 20 approximately
second-order upwind convection schemes, Waterson and
Deconinck41 found that the Superbee scheme performed the
best for discontinuous data, as present at the interface between
clustered and dilute regions. A similar result was also reported
by Guenther and Syamlal42 studying bubbles in a dense bed.

Simulation Parameters

The simulation domain is the same as that of Radl and Sun-
daresan.1 The system size is Lx5Lz50:8 cm in the transverse
directions and Ly53:2 cm in the vertical (streamwise) direc-
tion. A uniform discretization is used for all simulations with a
grid size of D5250 lm. When nondimensionalized by the par-
ticle diameter, the grid size is approximately three particle
diameters, that is, D�53:�3. In the transverse directions, purely
periodic boundary conditions are applied with no external
forces. Gravity acts in the negative vertical direction, that is,
gy52jgj59:81 m/s2. The body force is balanced by a peri-
odic, pressure-drop boundary condition; that is, the fluid phase
pressure gradient has been decomposed into mean linear and
local components, so that no net force acts on the mixture. As
there are no walls, the system may be considered in a state of
unbounded (infinite) fluidization or sedimentation. In the con-
tinuum simulations, the net vertical flux is set to zero, more
reminiscent of sedimentation, but the distinction is meaning-
less in the absence of walls. (Transformations are necessary to
compare phasic variables in different reference frames, but
slip (relative) velocity between the phases is Galilean invariant
in the current system).

The particle and fluid properties are the same as those used
by Radl and Sundaresan1: dp 5 75 lm, qs 5 1500 kg/m3,
qf 5 1.3 kg/m3, and lf 5 1.8�1025 Pa s. The dimensionless var-
iables characterizing the state of the system are the Archi-
medes number, Ar5qf Dqjgjd3

p=l
2
f , the mean solids

concentration, h/i, the density ratio, q�5qs=qf , and the resti-
tution coefficient, e, where the angle brackets indicate
domain-averaged quantities. In this study, the mean solids
concentration is varied and the remaining parameters are fixed
at Ar 5 24.87, q* 5 1153.85, and e 5 0.9. Time is nondimen-
sionalized by the single-particle characteristic time, s5ut=jgj,
where ut 5 23.2 cm/s is the terminal velocity of a single parti-
cle in an infinite medium. Here, ut has been obtained from the
drag law of Beetstra et al.35 in the limit of infinite dilution.
One noteworthy omission from this list is the sliding particle-
particle friction coefficient. Interparticle friction was consid-
ered in the original CFD-DEM simulations (lpp 5 0.1),
although it has been neglected in the continuum model ini-
tially. The ramifications of this assumption are considered in
more detail in the following section.

Initially, both phases are at rest and the granular tempera-
ture of the solid phase, a measure of fluctuating kinetic energy,
is negligibly small. The solids concentration is randomly per-
turbed in each cell from a uniform distribution of 650% about
the mean value. Renormalization is applied so that the mean
concentration is unchanged. This perturbation acts as an initial
“kick” and helps minimize the time to reach the statistical
steady state.

Results and Discussion

To assess the ability of the KT-based, GTSH continuum
model to accurately predict strongly heterogeneous, dynamic
clusters, we compare the mean-slip velocity to CFD-DEM
results in the same unbounded fluidization domain. It is well
known that clustering leads to a reduction in mean drag force
compared with a homogeneous state.3,5,8–11,43,44 The drag
force within the clusters themselves is significantly higher due
to the increased particle concentration. As the clusters present
a large flow resistance, the gas tends to simply bypass or flow
around them. The preferential gas flow in the dilute, low-
resistance regions causes the increase in mean-slip.

Here, we define the slip velocity as the absolute difference
in the global, Favre-averaged, streamwise phasic velocities,
that is, vslip5jhhvsii2hhvf iij, where vj5s;f is the local vertical
component of the phasic velocities and double brackets indi-
cate Favre averaging, for example, hhvsii5h/vsi=h/i. In the
CFD-DEM case, the solids velocity is a particle average rather
than a Favre-average. Even when globally averaged, the slip
velocity is still time-dependent and can vary quite significantly
depending on the instantaneous structure of the system. There-
fore, once a stationary state is reached, the slip velocity is then
time averaged and nondimensionalized into Reynolds number
form, that is, Reslip5qf �vslipdp=lf , where the overbar indicates
time averaging. The CFD-DEM data was time averaged for at
least a dt�530 nondimensional time window1 and all TFM
results have been averaged over a time window of dt�563:4.

The mean and standard deviations of the time averages are
reported in Figure 2 and compared with the published CFD-
DEM results of Radl and Sundaresan.1 Also shown for com-
parison is the homogeneous (stable), analytical solution
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obtained from the TFM (i.e., assuming all variables are con-
stant and uniform). The qualitative agreement of the TFM sim-
ulations and CFD-DEM is excellent. The mean-slip Reynolds
number of both is relatively constant and greater than the
homogeneous solution (and the terminal velocity) at low solids
concentration. At intermediate concentrations, the slip velocity
predicted by the TFM and CFD-DEM simulations begins to
decay, although remaining significantly higher than the homo-
geneous solution. Quantitatively, the TFM and CFD-DEM
comparisons are also quite good. The TFM seems to system-
atically under-predict the slip velocity compared with the
CFD-DEM, particularly at intermediate concentrations. How-
ever, the standard deviations overlap in all but one case and
the relative error of the mean values is less than 15% in all but
one case. The relative error for the six cases (low to high con-
centration) are: 6.2, 0.8, 3.4, 14.4, 10.9, and 17.9%. It is also
important to emphasize that the drag law35 was developed
from fixed-bed DNS simulations where the (random) particle
placements are globally homogeneous. More specifically, the
mean drag utilized in the TFM depends only on local proper-
ties and the clustered (dynamic and heterogeneous) solution
itself is responsible for increasing the mean-slip Reynolds
number from the homogeneous (stable) solution. In other
words, a structure-dependent drag law does not appear to be
needed for fine-grid KT-based TFM simulations.

Figure 2 indicates that despite the overlapping error bars,
the simulations of intermediate concentration, h/i � 0:15,
have a slightly higher relative error than the three more dilute
cases, h/i � 0:10. This demarcation coincides with the point
at which clusters begin to reach the maximum packing limit,
potentially straining the assumption that interparticle friction

can be neglected. In the TFM data presented in Figure 2, only
the plastic pressure component of the frictional stress model of
Syamlal and coworkers45,46 has been applied to restrict the
solids concentration at the random-close packed limit,

/max50:64356.40 (In other words, frictional viscosity is
neglected by assuming the angle of internal friction is zero).
Frictional stresses were initially neglected because (1) particle

friction was not incorporated into the KT derivation of the
GTSH TFM; (2) most continuum frictional stress models are
largely empirical47; and (3) mapping of DEM frictional
parameters to continuum models is ambiguous. Nonetheless,

in an effort to gauge the role of friction as a potential source of
the mild TFM vs. CFD-DEM discrepancy at higher particle
loadings, the simulations with the two highest mean concen-

trations were repeated using the frictional stress model of Sri-
vastava and Sundaresan48 using the Savage modification45,46

implemented in MFiX. The adjustable frictional parameters
are set to the suggested values48 typically used to represent

glass beads,47 which we view as a conservative test of the sig-
nificance of frictional stress in this system. The results are
reported in Table 1 and compared with the frictionless TFM

and (frictional) CFD-DEM results. In both cases, the inclusion
of a frictional stress model increases the mean-slip Reynolds
number. While this does reduce the relative error to 6.8 and
15.5% (compared with 10.9 and 17.9%. without friction,

respectively), the difference remains within the standard devi-
ation of the frictionless results and continues to under-predict
the CFD-DEM data. While this limited analysis does not prove

that friction is irrelevant in general, it does indicate that con-
tinuum frictional stress models play a relatively minor role in
the system considered here, even for dense clusters.

In addition to the fine-grid TFM simulations, we have also
performed a convergence analysis to study the effect of

mean solids concentration on the resolution requirement. The
numerical grid was successively coarsened, uniformly in each
direction, using discretizations of D�54:�4, 6:�6, 8:�8, and 13:�3.

For the two most dilute cases, the mean-slip Reynolds number
changed very little for all grids studied, consistent with the
results of Agrawal et al.3 Conversely, as the mean concentra-
tion increases above h/i50:05, the required grid resolution

for convergence increases. At the highest mean concentration
studied here, h/i50:25, the finest grid resolution is required,
D�53:�3. Such a fine discretization is more reminiscent

of dense BFBs, for example, Wang et al.4 recommend
D� � 2–4. Resolutions typical of fine-grid BFB simulations at
such high mean concentrations is not surprising, given that it
is difficult to distinguish qualitatively which feature is the

dominant discrete constituent, that is, clusters or bubbles.
Previously, the cluster length scale has been cited as the

criteria controlling the resolution requirement (see, for exam-
ple3,32–34). However, Figure 3 illustrates that the characteristic

Figure 2. Comparison of mean-slip Reynolds numbers
between CFD-DEM and the TFM simulations for
various mean solids concentrations.

Error bars represent the standard deviation of the time

averaging. The homogeneous (stable) solution is also

shown for comparison. CFD-DEM data reported previ-

ously by Radl and Sundaresan,1 and the TFM simula-

tions are based on GTSH theory.29 [Color figure can be

viewed in the online issue, which is available at wileyon-

linelibrary.com.]

Table 1. Effect of Frictional Stress Modeling on Mean-Slip

Reynolds Numbers for the Two Highest Mean Solids

Concentrations Studied Here

TFM TFM with Friction CFD-DEM

h/i50:20 1.219 6 0.127 1.275 6 0.123 1.369 6 0.105
h/i50:25 1.072 6 0.132 1.103 6 0.103 1.306 6 0.180

CFD-DEM data reported previously by Radl and Sundaresan.1
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size of the clusters is relatively similar for all mean concentra-
tions studied here. Accordingly, it does not appear that the
cluster length scale is controlling the grid resolution required
for numerical accuracy. From a discretization point of view,
the most challenging aspect of these heterogeneous structures
is the concentration gradient at the boundaries of the clusters.
In all cases, the dilute regions have near-zero solids concentra-
tion while the cluster concentration increases with increasing
mean concentration, which in turn increases the concentration

gradients and thus the grid resolution requirement. To quantify

this assertion, the cumulative distribution function (CDF) of the

magnitude of the local concentration gradient (nondimensional-

ized by the particle diameter) is computed throughout the

domain from 15 instantaneous samples. The results, reported in

Figure 4, clearly show that the CDF of concentration gradients

shift to larger values as the mean concentration increases. At

h/i50:25, the largest nondimensional gradient approaches 0.1,

which, for reference, would cause an increase in concentration

from zero to maximum packing in just 6.5 particle diameters.

The dependence of the local concentration gradient on the

mean concentration explains why previous studies of more real-

istic systems, that is, domains that contain both dense and dilute

regions, have found different grid resolution requirements for

clustering flows.24,25,30,31 Figure 4 also indicates that the shift

of the CDFs to higher gradients is “slowing” as the mean con-

centration approaches conditions more typical of bubbling than

clustering. Finally, it should be emphasized that these findings

also strongly depend on the numerical method. Knowing that

such sharp gradients must be resolved for fine-grid simulations

of moderately dense clustered flows, schemes with higher reso-

lution of discontinuous data are recommended, such as Super-

bee and SMART41; first-order schemes should be used with

caution or avoided altogether.42

Conclusions and Outlook

An unbounded fluidization (or sedimentation) system has

been simulated on a fine-grid in 3-D with a two-fluid model

(TFM) for gas-solids flow. The continuum model used here is

the recently developed, KT-based theory of Garz�o et al.,29

which incorporates mean drag, thermal drag, and a neighbor

effect into the starting Enskog kinetic equation. The results

have been quantitatively compared with the high-resolution

CFD-DEM numerical data of Radl and Sundaresan.1

The domain- and time-averaged mean-slip velocity is used

to test the ability of continuum simulations to predict the

Figure 3. Instantaneous clustering patterns in the xy-plane for various mean solids concentrations obtained from TFM simula-
tions.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 4. Cumulative distribution function of the dimension-
less magnitude of the local concentration gradient
obtained from 15 instances in the time-averaging
window of the TFM simulations.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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CFD-DEM data, with excellent agreement over the entire
range of concentrations. Qualitatively, both TFM and CFD-
DEM simulations lie well above the analytical homogeneous
(stable) solution due to clustering, which creates a reduced
effective drag due to flow bypass. Quantitatively, the TFM-
DEM agreement is also quite good, with relative errors less
than 10% for dilute concentrations of h/i � 0:10 and 10–20%
at intermediate concentrations of h/i � 0:15. The incorpora-
tion of friction into the TFM slightly decreases the error,
although the results indicate that even dense clusters are rela-
tively insensitive to friction. It should be pointed out,
although, that this analysis does not absolve all of the assump-
tions violated by the TFM when very dense clusters are pres-
ent; specifically, the assumption of binary, nonenduring
contacts is inherent to KT and distinct from the assumption of
smooth, frictionless spheres.

Additionally, the discretization requirement for fine-grid
(i.e., fully resolved or grid-independent) solutions is investi-
gated. Consistent with previous reports, dilute clustering flows
(h/i�0:05) may reach convergence with a relatively modest
grid of 10–20 particle diameters3; this cutoff gradually
decreases with increasing concentration until grids of two to
four particle diameters4 are required at moderate-to-dense mean
concentrations (h/i�0:25). Our results suggest that the concen-
tration gradient is responsible for this increase in grid resolu-
tion, rather than the commonly cited cluster length scale, (see,
for example3,32–34). This hypothesis is supported by comparing
the CDFs of the nondimensional concentration gradient, which
increase consistently with increasing mean concentration
whereas the cluster length scale remains relatively constant.

The aforementioned increase in gradients at the dense/dilute
interface of the clusters gives rise to another question, namely
whether the assumption of low Knudsen numbers (i.e., small
gradients), which corresponds to a truncation of the Chap-
man–Enskog expansions to Navier–Stokes-order in the KT
derivation, is being violated. A related analysis of a granular
(no fluid) homogeneous cooling system indicates that strict
adherence to this assumption does not appear necessary,49

similar to the Navier–Stokes equations for single-phase flows
working well outside of their intended range of validity. How-
ever, additional mechanisms for clustering are present in two-
phase gas-solid systems, and further investigation on this issue
is required.

By comparing to ideal CFD-DEM data and matching sys-
tem dimensions (i.e., 3-D), this work presents clean evidence
that clustering characteristics can be accurately captured with
a KT-based TFM solved on a fine grid. However, it should be
noted that the analysis is an indirect clustering assessment as
the comparison relied on the mean-slip velocity, a global- and
time-averaged quantity. Qualitative agreement of dynamic
structures coupled with the quantitative agreement of mean
flow properties implies that dynamic properties are also being
accurately captured. However, more thorough analyses aimed
at quantifying local and/or dynamic cluster properties remains
as future work.
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